This paper proposed an integrated optimal control strategy for a servicing spacecraft in proximity operations on a target in space. The relative position vector between the servicing spacecraft and the target is required to direct towards the docking port of the target while the attitude of the two bodies must be synchronized without exciting large flexible vibrations. The control of translational, rotational, and flexible motions is formulated in one unified optimal control framework in which the tracking errors in relative position and attitude, and flexible structure vibrations can be minimized simultaneously using one cost functional. This formulation results in a highly nonlinear system that poses a challenging control problem. The θ nonlinear optimal control technique is employed to design a closed-form feedback control law for this nonlinear control problem by finding an approximate solution to the Hamilton-Jacobi-Bellman (HJB) equation through a perturbation process. The closed-form controller offered by this approach is easy to implement onboard especially for this problem with a large state-space. Numerical simulations including the six degree-of-freedom rigid body dynamics and coupled flexible structure dynamics are performed to demonstrate the effectiveness of this control formulation even under large moment of inertia uncertainties.
I. Introduction
utonomous orbital servicing has become an important research area in recent years due to rapidly growing space activities. Missions such as removing space debris, refueling satellite to extend its lifetime, repairing a malfunctioning satellite, and installing new functional components have been identified as foreseeable applications in the near future. Several space programs have been proposed as technology demonstration of these tasks. JAXA's ETS-7, 1 NASA's DART program 2 and DARPA's Orbital Express program 3 are some missions that have been completed or are being developed. A key enabling technology in these missions is autonomous rendezvous and capturing that requires precise position and attitude control.
A
In the scope of this paper, we consider the problem of driving a servicing spacecraft (referred to as pursuer) to a proximity position with respect to a target spacecraft and synchronizing the pursuer's attitude with the target's attitude. Specifically, it is required to align the pursuer's docking component with the counterpart of the target. The two vehicles will eventually have no relative motion and then subsequent service operations can be safely performed with a normal docking or capture mechanism. The maneuvering of position and attitude involves highly nonlinear kinematics and dynamics, and thus traditional linear control designs are unsuitable for precise control, especially when large angular maneuvers are required.
Various nonlinear control techniques have been investigated in the past decades to address the attitude control problem. Sliding mode control 4, 5, 6 has been extensively used to achieve robust attitude tracking. Backstepping 7, 8 technique is also effective in dealing with spacecraft attitude maneuver problem due to the cascaded structure of the spacecraft kinematics and dynamics. For large angle slewing of spacecraft, optimal and adaptive quaternion feedback 9, 10 has been utilized. An optimal control based extended linearization technique, State Dependent Riccati Equation technique (SDRE), was applied in Ref. 11 to design both position and attitude controllers. As a modification to the SDRE method, Xin and Balakrishnan 12 combined it with a neural network based extra control to design a robust attitude control law under the moment of inertia uncertainties. However, the SDRE technique needs to solve the Riccati equation repetitively at every integration step. It may cause an implementation issue if the system order is high. Ma, Ma and Shashikanth 13 designed a feed-forward optimal control strategy for spacecraft to approach a tumbling satellite by minimizing time/fuel consumption. The problem considered was limited in a restricted planar rigid body motion. Subbarao and Welsh 14 proposed an adaptive feedback linearization approach for attitude synchronization and relative position tracking. Disturbance due to gravity gradient and other unknown but bounded disturbances can be accounted for using this adaptive control method.
The precise position and attitude control may become a more difficult problem if the fast maneuvers induce the structural vibrations under the excitation of external torques and forces. Thus, effective vibration control of flexible structures is essential to ensure the successful control task. It involves complex dynamics characterized by nonlinearities and strong coupling between flexible motion and rigid body attitude maneuver. 15 Two widely used methods to control the flexible spacecraft include component synthesis vibration suppression (CSVS) 16, 17 and Input Shaping method 18 . Hu, Wang and Gao 19 combined the command input shaping with the sliding mode output feedback control to deal with mismatched uncertainties. Feedback linearization technique was used in Ref. 15 with the input shaping method to control the flexible structure. Zakrzhevskii 20 proposed a new method to describe the dynamics of elastic systems, which takes into account the infinite number of vibration modes of the flexible appendages in a finite dimensional mathematical model. An optimal control problem is formulated to minimize the acceleration of the relative motion of the flexible elements. A rest-to-rest slewing maneuver of a spacecraft with flexible appendages can be effectively controlled using this new approach.
The contribution of this paper is to formulate the control of spacecraft to approach a space target as a unified optimal control problem integrating position tracking, attitude synchronization, and vibration suppression of flexible structures. These three control tasks can be explicitly addressed through one single cost functional. A recently emerging nonlinear optimal control method called the D Rest of the paper is organized as follows. In Section II, the problem formulation is given including the relevant coordinate frames, governing equations of motion, standing assumptions, and control objectives. The D θ − control method is reviewed in Section III and the integrated control of position, attitude, and flexible motion is designed in Section IV. Simulation results and analysis are presented in Section V. Some concluding remarks are given in Section VI.
II. Problem Formulation
The problem in consideration is to control the relative position and attitude of two space objects simultaneously with sufficient vibration reduction capability. Suppose a servicing spacecraft (pursuer) attempts to perform a proximity flight around a space target. The target is uncontrolled but its state information including inertial position, velocity, angular velocity, and attitude information can be obtained either from target sensors or from the pursuer's observation and estimation. 23, 24 The specific control objective is to position the pursuer at a certain safe distance from the target while having its docking port facing the docking port of the target. The attitude of the two vehicles should keep synchronized during the maneuver so that subsequent operations, capturing or docking for instance, can be carried out safely.
In order to describe the dynamic equations of motion, four coordinate systems need to be defined as shown in Fig. 1 and Fig. 2 . The inertial coordinate system is represented by the Geocentric-Equatorial frame { } { }ˆ, The above task involves rigid body translational motion, rotational motion, and flexible structure vibrations. The dynamic equations of motion of these three motions are described in the following subsections. 
Relative Translational Dynamics
The relative translational dynamics are developed based on the relative position with respect to the LVLH frame fixed to the target. Define the relative position vector from the target to the pursuer as L r and its velocity as v L :
where 
where μ is the gravitational parameter, , ,
are control accelerations of the pursuer represented in the LVLH frame. r is the distance from Earth center to the target. ν is the true anomaly. For a circular orbit, the equations of motion become the Clohessy-Wiltshire (CW) equations. 25 The evolution of r and ν parameters is governed by: 
Rotational Dynamics
The pursuer attitude dynamics can be described by:
where is the quaternion of the pursuer defined by: 
The free tumbling target has the similar attitude dynamics except that external torques are absent.
( )
where is the target angular velocity vector expressed in the target body frame;
is the target quaternion;
, , , 
The quaternion corresponding to this rotation is denoted by . Thus, the angular velocity of the target expressed in the virtual target frame becomes:
The desired quaternion for the pursuer to track becomes:
where '*' denotes quaternion product, which is defined by: 
The attitude synchronization reduces to the problem of tracking the virtual target's attitude and its angular is the inertial-to-pursuer body coordinate transformation matrix defined by: (15) is defined as:
The rigid body translational and rotational dynamics have been described in these two sections. As mentioned in the introduction, fast and large angular maneuver of spacecraft may incur flexible structure vibrations that will in turn affect the attitude control performance. The flexible structure dynamics coupling with the rigid body motion is described in the next section for the integrated control design.
Coupling Flexible Structure Dynamics
The specific model considered in this study consists of a rigid hub and two appendages attached symmetrically to the center hub representing the lightweight flexible structures such as solar array, truss structure, antenna, or some mechanical structures used to do the service. . Furthermore, it's assumed that the deflection excited by the attitude maneuver is anti-symmetrically such that the center of mass of the spacecraft does not shift. This assumption has been validated to be a good one by Ref. 15 . Control torque is placed only on the rigid hub.
Remark:
The out-of-plane mode (about ˆs x b axis) is in general the most pronounced flexible motion and has the lowest structural eigenfrequency. 26 Therefore, the Euler-Bernoulli beam with deflection constrained in one plane is a reasonable model for the control formulation without loss of generality.
A series of mode shape functions is used to express the appendage deflection ( )
where x is the distance from the center of the hub; N is the number of mode used in the simulation; is the time-varying mode coefficient vector and
is the pre-determined admissible shape function.
Through Lagrangian procedure, 15 the equations of motion describing the rigid body rotational dynamics coupling the flexible motion can be written as:
where the coefficient matrices are defined by:
where is the hub radius and is the undeformed length of the appendage; 
As can be seen from Eqs. (19) and (20), attitude maneuver and flexible motion interact with each other and must be effectively controlled in order to perform precise attitude tracking. These equations are highly nonlinear and pose a challenging control problem. The primary contribution of this work is to formulate the control of position, attitude, and flexible motion into one unified optimal control framework and design a closed-form control law that is easy to implement.
In the next two sections, we propose the D θ − optimal control approach to solve this challenging control problem. The review of this method is presented in Section III. The integrated controller design using this approach is presented in Section IV.
III. Review of the θ -D Optimal Control Technique
Consider the class of nonlinear time-invariant systems described by:
nonlinear control technique is a systematic method to find a stabilizing control u to minimize the quadratic cost functional:
where ; , :
, , : , ,
Ω is a compact subset in ; Q is a positive semi-definite matrix and R is a positive definite matrix; B is a constant matrix and f(0)=0; Assume that is continuously differentiable and zero state observable through Q.
The optimal solution to this infinite-horizon nonlinear regulator problem can be obtained by solving the Hamilton-Jacobi-Bellman (HJB) partial differential equation :
where V(x) is the optimal cost, i.e.
Optimal control is obtained from the necessary condition as
The HJB equation is generally very difficult to solve. Th e D θ − control technique provides an approximate solution to the above HJB equation through con a perturbation process such that a suboptimal closed-form feedback troller can be obtained. The D θ − control method can be summarized by the following procedure. 21, 22 Rewrite the nonlinear state equation (22) in a linear-like structure:
where A 0 is a constant matrix such that (A 0 , B) is controllable and
is pointwise controllable.
Add a perturbation power series The new optimal cont (27) and (28) can be solved through the perturbed HJB equation The i D ma cted i trix is constru n the form of:
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where and are design parameters. D i satisfies:
with ).
∑ ∑ the initial x is large, this large value will be reflected in the solution of 1 T . Since 1 T and A be used in solving for 2 T in the ensuing equation (31c), this large value will be propagated and amplified. As a result, it causes the large control or even instability. Therefore, the small number i (x) will ε i used to suppress this large value from prop gating in Eqs. (31b)-(31d). i s a ε is also required in the proof of convergence and stability of the above algorithm. 22 The exponential term 
Eq. (38) can be written as: The relative attitude kinematics is described by quaternion error and angular 
Using E (19) leads to the state equation for q. (38) in
where ( ) F X is: 
A corresponds to the translational dynamics (34) and bias absorbing state a s : 
The control coefficient matrix B is: 
where is the control coefficient matrix corresponding to the translational dynamics (34), i.e. . 
8 10 ,10 ,10 ,3,3,3
where represents a diagonal matrix.
( ) diag ⋅
In order to perform the command tracking, the D θ − controller is implemented as an integral servomechanism as shown in (58): 21, 29 ( ) ( )
where ( ) ( (31)- (33) . Using the three terms is found to be sufficient to produce good tracking performance. is the desired relative position expressed in the LVLH frame.
The pursuer is required to be positioned at a safe distance of along the target body axis which is the outward normal direction of its docking port. Thus, [ Remark: In this work, we assume that all the state variables are available for feedback control. The measurement of flexible motion is a difficult task and there has been a lot of research on using distributed sensors such as lead zirconate titanate (PZT) to measure the flexible deflections and derive modal variables. 17, 34 To reduce the number of sensors, dynamic observers can be also utilized to estimate the flexible variables. 35 Sensing or estimation is out of the scope of this work and we will make the full-state feedback assumption.
V. Simulation Results and Analysis
Two simulation scenarios are considered based on two types of missions. In the first simulation scenario (Scenario I), the pursuer will approach a free tumbling target with a large angular rate. The pursuer and the target are assumed to be in a low earth orbit with 400km perigee altitude. Orbit inclination is set to 45 degrees. Eccentricity is 0.1375. Argument of perigee and right ascension of ascending node are all set to 0 degree.
Initially, both the target and the pursuer are at the perigee with a relative position of Assume that the pursuer's moment of inertia consists of two parts, the hub and the appendages. The hub moment of inertia is: 2 3000 300 500 300 3000 400 500 400 3000 Appendage and total moment of inertia, and the coefficients of the flexible motion can be calculated from the parameters above. The target is assumed to have the same moment of the inertia as the pursuer's hub moment of inertia.
The mode shape function:
is used in the simulation to model the flexible structure. Shape function series is truncated at because the first mode is the dominant one. This will be validated in simulation results.
3 k = Figure 4 shows the relative position expressed in the target body frame. The initial relative distance L r is 50 meters and the control objective is to drive the pursuer to a position of [5, 0, 0] meters in the target body frame. As can be seen, the desired position is reached in about 40 seconds. The relative velocity in the target body frame goes to zero as shown in Fig. 5 so that there is no relative translational motion. The attitude tracking histories are shown in Figs. 6 and 7 including the quaternion error and angular velocities that are represented in the virtual target body frame. The quaternion errors converging to [1, 0, 0, 0] indicates the pursuer's attitude is synchronized with the target's attitude. These results demonstrate a good attitude tracking performance. Recall that the desired attitude is the assumed virtual target's attitude obtained by rotating the actual target's body frame by 180 degrees about its body axis in order to align the two vehicle's docking ports. The attitude synchronization is achieved in about the same time as that for the translational motion. As shown in Figs. 4-7 , the spacecraft undergoes large and rapid translational and angular maneuvers. If without an effective control strategy, these maneuvers may incur flexible structure vibrations and deteriorate the attitude tracking performance. Figure 8 shows the result of flexible vibration suppression using the integrated optimal control law. From the left subplot it can be easily seen that the first mode p 1 is the dominant mode compared with the other two. Thus, three-mode representation of the flexible motion is a good approximation. As shown in Fig. 8 , the maximum tip deformation, which is the largest one along the whole appendage, is only about 20 cm. In about 30 seconds, the vibration diminishes to zero. Figure 9 presents the control accelerations and control torques. The initial control efforts are large in order to drive the spacecraft to the desired position and attitude quickly. They decrease rapidly after the desired position and attitude are achieved. Small and oscillating accelerations and torques are maintained as seen in Fig. 9 because tracking the tumbling target and suppressing flexible structure vibration require continuous control efforts
To demonstrate the robustness of the integrated control design, the D θ − controller was tested by assuming that the actual diagonal elements of the moment of inertial matrix s J are perturbed by -50% uncertainties and the actual off-diagonal elements of s J are perturbed by -30% uncertainties. Figures 10-13 show the results under the same initial conditions of the states as the Figs 4-9. Note that the integrated controller is still designed based on the nominal moment of inertia. For brevity, only rotational results are shown. As can be seen, the attitude tracking in Figs. 10 is still so good that it is not much distinguishable from Fig. 6 . The angular velocities in Fig. 11 have lower maximum value compared with Fig. 7 . The magnitude of the flexible structural vibration is only slightly increased as shown in Fig. 12 . The control torque in Fig. 13 is smaller than the nominal case because the actual moment of inertia is smaller. As can be seen, the integrated D θ − position and attitude controller exhibits adaptive capabilities to these large moment of inertia uncertainties. In this work, we assume a relatively large (mass, moment of inertia) spacecraft to conduct the proximity operation. It is noticed from the figures of control accelerations and torques that the initial control efforts are large, and thus the actuators to perform the control law will be thrusters and/or control momentum gyro. Since the focus of this work is to demonstrate effectiveness of the optimal integrated control law and no specific actuator is assumed, the actuator dynamics is not considered in the simulation. This first simulation scenario describes an example of the autonomous in-orbit servicing mission such as removing space debris or salvaging a malfunctioning satellite, which is tumbling with a high angular rate. After the relative position and attitude of the spacecraft have been precisely controlled, the docking ports of the two vehicles will be well aligned without relative motions so that subsequent operations such as rendezvous or capturing can be safely conducted.
The second simulation scenario (Scenario II) describes another type of mission such as in-orbit refueling or repairing, in which the target spacecraft has a lower dynamic operating condition (no tumbling motion) so that the proximity operation and docking can be safely carried out and supported. The example is to refuel a nadir-pointing communication satellite on a geosynchronous orbit (GEO), which is running low in its fuel tank and need the pursuer (as tanker) to rendezvous, prepare proximity operations and docking, and get ready for refueling. The initial relative position and velocity are assumed to be the same as the first scenario. The target and pursuer are moving in a GEO with zero inclination. So the initial target angular velocity has the same small magnitude as the true anomaly rate. Assume the pursuer has an initial angular rate of [ ] Figs. 19 and 20 , the vibration of the flexible structure and control torques are much smaller than those in the first scenario because the pursuer does not need large angular maneuvers to approach a nontumbling target. The maximum deformation of the flexible structure is only 3.5 cm. These two simulation scenarios demonstrate that the integrated control strategy is able to track the position and attitude of the target precisely while keeping the coupled flexible structural vibration in a small range. In addition, the closed-form optimal control law offers a great advantage for online implementation of the proposed controller in future in-orbit servicing missions since it does not demand much computational load.
VI. Conclusion
In this paper, nonlinear optimal control of spacecraft to approach a space target for autonomous in-orbit servicing is addressed using the D θ − technique. The primary contribution of this work is that the translational and rotational rigid body dynamics coupled with the flexible structure motion are considered in one unified optimal control framework. The D θ − technique can provide a closed-form solution to the resultant high-order nonlinear optimal control problem and offer a great onboard implementation advantage. A 6-DOF simulation was utilized to demonstrate the tracking performance using this integrated controller in two practical in-orbit servicing missions. The controller is able to drive the spacecraft to the desired position and attitude precisely in close proximity of the target so that subsequent service or capturing operations can be safely conducted. The controller is also shown to be robust to large moment of inertia uncertainties.
